1. Introduction. Let/(z) and g(z) be analytic functions regular and schlicht for | z\ <1 and defined by the power series A little over a decade ago the author [ô] showed that if f(z) and g(z) are real on the real axis and univalently convex in \z\ <1 then F(z) is schlicht and convex in the direction of the imaginary axis for \z\ < 1. In a recent paper [5] Pólya and Schoenberg have conjectured that if f(z) and g(z) are convex in \z\ < 1 then so is F(z). These authors attribute to Mandelbrojt and Schiffer another conjecture that G(z) is schlicht in \z\ <1 whenever/(z) and g(z) are schlicht in |z| <1. Soon afterwards Epstein and Schoenberg [3] , and Loewner and Netanyahu [4] , showed that this last conjecture was false and it is possible for G'(z) to have a zero within the unit circle.
It is natural to enquire what can be said in the meromorphic case when f(z) and g(z) each have a simple pole at the origin. In view of the negative nature of the results mentioned above it is somewhat surprising that the following theorem, very easily proved, seems to have escaped notice before this time. [August be regular and schlicht for 0<|z| <1. Then (1.7)
is also regular and schlicht for 0<|z| <1. Furthermore, F(z) is closeto-convex for 0< | z| <l, is continuous on \z\ =1, and satisfies
for 0<02-0i^2ir, z = reie, 0<r<l,
Corollary.
The conclusions of Theorem 1 pertaining to F(z) apply also to all the partial sums Fn(z) of (1.7), (1.11) Fn(z) = -+ ¿Z akbkzk.
2. Proof of Theorem 1. We prove first that F(z), defined as in (1.7) is schlicht in 0<|z| <1. If zi and Z2 are two distinct points of the annulus 0< \z\ <1, we have
10, since by the area theorem for schlicht functions (2.3) ¿«|an|2=l, ¿n|¿n|2ál. 1 1 This proves that F(z) is schlicht in 0< \z\ <1. £«|a"|2-£«|i»N â2.
We next observe that GO 00
(2.5) Rez2i?'(z) = -1 + Re E nanbnZn+l < -1 + £ » | aabn \ Ú 0. Let P(r,0), Q(0) be defined by the equations (2.9) P(r, 0) = arg zF'(z) = arg F'(z) + 0, z = re", (2.10) Ç(ff) = arg(-l/z) = v -0, 0 £ 0 < 2*.
Since from (2.5) we have Re zP'(z)/(-l/z)>0, \z\ <1, there exists an integer k so that (2.11) I P(r, 0) -Q(0) + 2kir\ < w/2.
By an appropriate choice of the definition of the argument of zF'(z) we may take * = 0. For O<02-0i^27r P(r,02) -P(r,0i) = {P(r,02)-Q(02)} + {Q(Bi) -P(r,0i)} + {Q(0i) -Q(0i)} < x/2 + t/2 + { (it -02) -(tt -0i)} = T (02-0l).
Since the inclination of the tangent vector to the image curve of \z\ =r by the mapping w= F(z) is P(r, 0)+w/2 we may interpret (2.12) as meaning that as the tangent line rotates with 0 advancing from Oi to 02 the tangent does not turn back on itself through an angle as large as ir -(02-0i). Since for z=^re® we have cH r zF"(z) n (2.13) J9 Re[l + -M¿0= P(r,02) -P(r,0i) the inequality (2.12) is equivalent to (1.9).
For a^O let us now define an analytic function Fa(z) by the equation (2.14)
Fa(z) = -+ ¿ n°anbnz», \ z| < 1,
where an, bn are the coefficients defined by (1.5) and (1.6). Is Fa(z) schlicht for some positive a for every schlicht/(z) and g(z) in 0<|z| <1? We have seen that Po(z) is always schlicht. We shall now show that Pi(z) need not be schlicht in 0< |z| <1. Clunie and consequently F(z) is starlike in 0<|z| <1.
